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Abstract
Why do high-income residents live in suburbs in some cities but in city centers in others? What drives
changes such as gentrification over time? In the literature, the main answers to these questions focus on
neighborhood-level characteristics. Here, we explore a model of location by income derived from the
monocentric model of Alonso-Mills-Muth, where we consider land to be a necessity good. Under this
specification, the relative location of low- and high-income households depends on the aggregate city population, income distribution, and land availability. Our model predicts that low-income households occupy
the center of cities with small populations and/or unconstrained land. In large and/or constrained cities,
low-income households occupy the inner suburbs, while high-income households live in the center and
outer periphery. Such a trend appears consistent with observations in US cities.
Keywords: gentrification, urban economics, income inequalities
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1. Introduction
The geography of US and European cities is marked by strong differences in the spatial repartition
of social groups. A standard comparison may be made between US cities, where high-income
households tend to live in the suburbs, and European cities, where the suburbs tend to be relatively
poorer than the center. However, this simple comparison does not withstand a more detailed
analysis. For instance, average income is higher in Manhattan than in the rest of New York City1 .
These patterns also change over time (Rosenthal, 2008). In the second half of the 20th century,
the socioeconomic status of city centers declined as a result of the "urban flight" (Mieszkowski
and Mills, 1993). This dynamic has been reversed since the 1990s, with the gentrification of
poor inner-city neighborhoods (Smith and Williams, 2013; Lees et al., 2008), accompanied by a
⇤ Corresponding
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1 According to the American Community Survey, in 2016, the median annual income in New York County, New
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Average SES Index

suburbanization of poverty (Kneebone and Garr, 2010). Identifying the mechanisms behind these
changes has been an important objective of recent research (see sec. 2.1 below), but their causes
have not yet been fully identified (Hwang and Lin, 2016).
We present here a new mechanism of location by income, which could contribute to explaining
a few stylized facts observed across US and European cities. It could explain, for instance, that
despite divergent patterns across cities, city centers and outer suburbs are relatively richer in large
cities, while inner suburbs are poorer. Figure 1 shows that, in large US cities, the socioeconomic
status of households follows a U-shaped curve as a function of distance to the city center, whereas
in smaller cities socioeconomic status is on average the lowest in the central areas (see also Appendix A). Floch (2014) reaches similar conclusions in the case of France (U-shaped curve for
large cities).
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Figure 1: Average Socioeconomic Status (SES) Index of Census Tracts as a function of distance
to the center for cities with different total populations in 2016. The SES index is the percentile
rank of the average rank of median income and the proportion of college graduates for the Census
Tract. Distance is expressed as the cumulative share of tract population in 2016. Source: American
Community Survey 2016. See Appendix A for further details. For U.S. cities with a population
over 5 millions, city centers have the highest share of college graduates, while inner suburbs have
the lowest share. On the contrary, cities with between 100,000 and 1 million inhabitants tend to
have a monotonic increasing relationship between the SES Index and distance from the city center.
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The intuition behind this mechanism is as follows: housing tends to be more expensive in large
cities compared to small cities, and as housing affordability declines, neighborhoods which are in
the city center become too expensive for low-income households. It may become impossible for
low-income households to live in a decent apartment in the city center of a large city, whereas
it still may be possible for them in the city center of a small city Our mechanism can be modeled by making a simple, but realistic modification to the standard monocentric model of urban
economics: the introduction of housing as a necessity good2 using Stone-Geary preferences for
housing consumption, for instance. Interestingly, this modification leads to the emergence of a
broad array of city configurations and several key messages that capture stylized facts consistent
with observations in US and European cities can be derived from such a simple mechanism.
Our paper builds on the existing literature on urban location choices based on household income as well as housing demand, both reviewed in section 2. Section 3 presents our model and
shows that two configurations exist in cities depending on the level of land prices. We present comparative static analysis of the model in section 4 and then discuss a few of the main conclusions
and potential extensions to the model in section 5. Finally, section 6 concludes the paper.

2. Literature review
2.1. Theories of urban location by income
The standard model of residential location choices, initially developed by Alonso (1964), Mills
(1967), and Muth (1969), represents the competition for residential land within cities. In this
model, the relative location of households depending on their income is determined by the relative
steepness of their bid rent curve as a function of distance from the unique employment center
(designated as "CBD"). When comparing the variation of this steepness as income rises, two forces
oppose: high-income households with a high opportunity cost of time of rich are attracted to the
center (Becker, 1965), while their high demand for land pushes them to the suburbs, where prices
are lower. Thus, the location of high-income households depends on the comparison between the
income elasticity of marginal transport cost and the income elasticity of land consumption (see
e.g., Fujita, 1989).
However, the empirical determination of the value of these income elasticities does not allow to
draw conclusions about the predictive power of this criteria, and it remains insufficient to account
for U-shaped income curves3 . Given the empirical indeterminacy of the income elasticity criteria,
different mechanisms that extend the standard model have been proposed to explain the relative
location of low- and high-income households in cities.
2A

necessity good is a good for which the share of budget decreases with income
(1977) uses data on the San Francisco metropolitan area and estimates that the income elasticity of
land consumption and transport are very close (around 0.25), thus revealing the limits of such criteria in predicting
residential patterns. Glaeser et al. (2008) estimate that the income elasticity of land demand is well below 1 and that of
transport costs equal to 1; this latter criterion predicts that high-income households are located in the center. Duranton
and Puga (2014) discuss the estimation of the income elasticities of land demand from Glaeser et al. (2008), arguing
that it is likely to be downward biased. Moreover, the monetary cost of commuting is arguably non-negligible, and
accounting for it drives down the income-elasticity of transport costs.
3 Wheaton
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A first approach is to consider that most cities are not monocentric, and that high- and lowincome individuals do not work in the same districts. Thus, differences in the relative locations of
high- versus low-skilled jobs may drive changes in the income sorting of households. Baum-Snow
and Hartley (2015) test this assumption, but find limited evidence that it significantly contributed
to the 2000-2010 gentrification in U.S. cities.
A second approach is to represent commuting costs more accurately. In practice, commuters
use both public and private transportation, while the networks for these two modes may not be
evenly distributed within the city. If low- and high-income people use different modes, their "access" value to neighborhoods may differ. LeRoy and Sonstelie (1983) and Glaeser et al. (2008) argue that because public transportation is slower and cheaper than private cars, it disproportionately
attracts low-income compared to high-income households. Glaeser et al. (2008) find that public
transportation accessibility contributes to explaining the differences between "old and "new" US
cities. However, the competition between commuting modes appears to be limited in explaining
the recent gentrification, as transportation systems did not experience large-scale changes over this
more recent period, compared to the earlier introduction of streetcars (Gin and Sonstelie, 1992)
and automobiles. Keeping job location and transportation systems constant, there may have been
changes in individual’s valuation of commuting. Edlund et al. (2015) argue that the longer hours
worked by high-income households increased their valuation of leisure time, thus increasing their
opportunity costs of commuting and leading to a higher demand for central-city locations. Eventually, commuting time may also impact social interactions and job search (van Vuuren, 2018).
A third approach is based on the amenity value of neighborhoods, which relaxes the "uniform
land" assumption of the standard model. Brueckner et al. (1999) assumes that individuals of varying incomes do not value local amenities in the same manner, with richer households tending to
live in high-amenity areas. This enables a city’s internal social structure to be linked to its idiosyncratic features, which thus explains differences across cities. Changes over time can therefore
be explained by (i) changes in local amenities, (ii) changes in preferences for amenities, or (iii)
changes in the relative number of high-income households. An example of changes in amenities
is the filtering model of Brueckner and Rosenthal (2009), which assumes that high-income households are relatively more attracted by recent or renovated housing, the location of which evolves
over time as the city develops and redevelops. Cultural changes may also lead to a greater preferences for city center amenities, leading to "taste-driven" gentrification (Kern, 1981). For Couture
and Handbury (2017), this trend among young college graduates contributes to explaining 20002010 gentrification of US cities. Over time, as more high-income households become concentrated
in large cities, high-income neighborhoods occupy more space, and may spill over adjacent neighborhoods. Guerrieri et al. (2013) introduce this mechanism by assuming that proximity to other
high-income households leads to positive neighborhood externalities.
Our model follows a different approach: we propose to focus on housing affordability and
capture in a model the notion that when real estate or rental prices are high, poor households may
not afford a decent dwelling in some locations. Depending on the overall land prices levels in the
city, it therefore may or may not be possible for poor households to live in the city center, i.e., in
locations where prices per square meter are the highest. More generally, if we assume that land
is a necessity good, then according to the overall land prices in the city, the respective location
of high- and low-income households will vary. Therefore, our model links metropolitan-scale
4

demand and supply of land/housing to a city’s internal structure and contrasts with neighborhoodlevel mechanisms. It brings new elements to the understanding of the differences not only across
cities but also between two periods for the same city, as demand varies with time.

2.2. Housing as a necessity good
A robust result from the literature on housing demand is that housing is a "necessity good" meaning
that low-income households devote a higher share of their budget to housing than high-income
households do. Accordingly, most studies find an income-elasticity of demand for housing below
1 for the US housing market (De Leeuw, 1971; Mayo, 1981; Goodman, 1988; Albouy et al., 2014).
These estimates of income-elasticity of housing demand assume that it is constant across locations.
However, as noted by Mayo (1981), if housing is a necessity good, then the income-elasticity of
housing demand should vary negatively with housing prices, and positively with income.
Figure 2 shows the average annual gross rent for renters in the US in 2016, as a function of
annual household income, differentiated by the size of the urban area. Gross rent appears to be an
affine function of income with a positive intercept. This is consistent with the view that housing is
a necessity good4 . Moreover, gross rent is higher in large cities, suggesting that the price elasticity
of housing demand is also below 1.
We capture these characteristics of demand using a Stone-Geary specification (Stone, 1954) in
what follows. Utility is:
U(z, q) = z1

a

(q

q0 )a

(1)

where z is the consumption of composite good, q is the consumption of land, and 0 < a < 1. q0
represents the minimum amount of land that households consume. Under such a specification and
with a budget constraint Y = qR + z, housing expenditure is:
q.R = a.Y + (1

a).q0 .R

i.e., an affine function of income Y , with a non-zero intercept (1 a).q0 .R when Y tends to zero.
Such a specification appears to be a good approximation of the graphs in Figure 2.

3. Model
Our model builds on a standard Alonso-Muth-Mills (AMM) model, as presented in Fujita (1989),
to which we introduce the Stone-Geary utility specification. The major difficulty with this specification is proving the uniqueness of the spatial equilibrium. We provide a proof for the uniqueness
of the spatial equilibrium in the case of two income classes, under simplifying assumptions.
4 For

a luxury good, the intercept would be negative. For a "neutral" good, as represented in the Cobb-Douglas
utility function, the intercept is 0.
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Figure 2: Gross annual rent as a function of income for renters living in urban areas with different
total populations in 2016. The sample was restricted to households that rent their dwelling, with
an annual income between 15,000 and 150,000 $. Source: Public Use Microdata Sample of the
2016 American Community Survey.
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3.1. Model specification
Let us consider a one-dimensional city with all jobs in x = 0 (monocentric city). Households
located at distance x from the center pay a transport cost T (x). Locations are only differentiated
by transport costs and the quantity of available land µ(x).
Households derive utility from the consumption of land5 q and a composite good z. Their
utility is a Stone-Geary function:
U(z, q) = z1

a

(q

q0 )a

(2)

where 0 < a < 1, and q0 > 0 represents the minimum amount of land that households consume,
bearing in mind that land parcels cannot be arbitrarily small, as a house must have basic utilities
and a minimum living space6 . The budget constraint is:
Y = q.R(x) + z + T (x)
with the price of the composite goods being set to 1 and R(x) being the land rent at location x.
Maximizing utility under budget constraint leads to the linear expenditure system:
(
(q q0 )R = a(Y T q0 R)
(3)
z
= (1 a)(Y T q0 R)
According to this utility specification, the consumer spends a committed amount on land q0
and then divides the remaining budget between the consumption of land and composite good in
fixed proportions. The total share of income used for land consumption thus depends on rent R.
From equation 3, it also emerges that for a given rent R and transport cost T , total rent for land
is an affine function of income; this observation is consistent with Figure 2. This also means that
low-income households spend a larger share of their income on land than high-income households
do (for a given rent R and transport cost T ).
Let us define Y(u, x) as households’ bid rent, i.e., the maximum rent that households bid at
location x in order to attain utility u, and Q(u, x) as the bid-max lot-size, the corresponding land
consumption. From equations 2 and 3, for any x:
lim Q(u, x) = q0

u!0

i.e. when utility decreases, land consumption decreases until it reaches q0 , the minimum possible
land consumption. Similarly, Y(u, x) is bounded:
limu!0 Y(u, x) = Y q0T

and 8u, x Y(u, x)  Y q0T

5 It

(4)

does not affect the model to assume that q is a consumption of land and µ (see below) a supply of land, or to
suppose that q is a consumption of housing and µ an exogenous supply of housing.
6 We do not introduce a minimum amount of consumption of the composite good. Because the price of the composite is normalized to 1, introducing a non-null z0 would be equivalent to reducing the household income by z0 . An
underlying assumption of our utility function is that by difference, the composite good is a luxury good.
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with the last inequality being strict if u > 0.
Equilibrium is defined by the fact that households’ utility level is constant, reflecting their
indifference across locations. At the equilibrium u(x) = ū, R(x) = Y(ū, x), and land consumption
is q(x) = Q(ū, x).
We assume that the border of the city xmax is located where rents fall to 07 :
R(xmax ) = Y(u, xmax ) = 0
Solving this equation leads to: T (xmax ) = Y , i.e., xmax is where the transport costs equal the
household income8 . We denote W = [0, xmax ] as the spatial extent of the city.
At each location x, land supply is µ(x) and is exogenous. We discuss in section ?? an extension
of our model where µ is the quantity of housing and is endogenously built by developers. In this
case, our qualitative results are unchanged. Population density at location x is µ(x)/Q(u, x). Total
population in the city is obtained by summing up the population for every x:
ˆ
µ(x)
N=
.dx
W Q(ū, x)
We define the population Nmax as:
Nmax =

µ(x)
.dx
W q0

ˆ

Given the transitivity of the integral, we have:
ˆ
µ(x)
lim
.dx = Nmax
u!0 W Q(ū, x)
Nmax thus represents the upper population limit, above which the equilibrium does not exist. It
corresponds to the limit case where households have a utility equal to 0 and live on lots of size q0 .
Proposition 1. Let us consider a city in which income level Y , transport costs T (x), and land
supply µ(x) are given. There is a bijection between utility level u and population N. More precisely,
population N is strictly decreasing with utility level u.
Proof. Combining equations 2 and 3 gives us a relationship between the utility level and lot sizes:
✓
◆1 a
aq0
1 a
1 a
u(x) = (1 a)
(Y T (x))
1
(q(x) q0 )a
(5)
q(x) (1 a)q0
For q 2 ]q0 ; +•[, u is strictly increasing when q is strictly increasing. This implies that the function
u ! Q(u, x) is a bijection. If µ(x) is exogenously given, we can infer that u ! N(u) is a strictly
decreasing function, thus a bijection from ]0; +•[ to ]0; Nmax [.
Proposition 2 derives from 1.

Proposition 2. Equilibrium with one income class exists and is unique in the closed-city case, if
and only if N < Nmax .
7 Agricultural

to 0.

rent is often defined as determining the city limits. For simplicity, we consider here that it is equal

8 Under

the common assumption that the transport costs are strictly increasing in x, there is a unique solution xmax
to the equation T (x) = Y .
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3.2. Two income groups: two possible patterns
Let us now consider a city inhabited by people divided into two income groups: N p households
earning income Yp and Nr earning Yr , with Yp < Yr . For households of group i, we denote the bid
rent Yi (ui , x) and the bid-max lot-size Qi (ui , x) (i = p, r).
At each location, the two groups are in competition, and each location x will be occupied by
the group with the higher bid rent. Rent at location x is:
R(x) = max {Y(u, x)}
i=p or r

Furthermore, we assume that transport cost T (x) includes a monetary cost (t1 x) and an opportunity cost of time proportional to income (t2Y x). We have:
Ti (x) = (t1 + t2Yi )x
For i = p, r, we denote xmax,i as the solution to the equation Ti (x) = Yi . We have:
xmax,i =

Yi
t1 + t2Yi

xmax,i is thus larger for richer households. This implies that the outer periphery of the city is
occupied by the high-income households group. We note W = [0, xmax,r ] as the spatial extent of the
city. So what is the structure of the rest of the city? It can be proven that only two configurations
are possible (Figure 3). To prove this, let us first introduce a useful lemma. In the monocentric
model with two income groups, the comparison of the slopes of the bid rents predicts which
income group lives in the center. The lemma states that the comparison of the slopes of the bid
rents at a location depends on the level of rents:
Lemma 3 (Slopes of the bid rents of each group). Let x̄ 2 W be an intersection point between
the bid rents for high- and low-income households. Let us note Yxi (ui , x) the partial derivative
∂Yi (ui , x)/∂x, for i = p, r. There exists a threshold Rlim such that:
Yxp
> 1 (i.e. bid-rents steepness decreases with income)
Yxr

,

R(x̄) < Rlim =

t1 a
1
.
t2 (1 a) q0
(6)

Proof. Detailed calculations in Appendix B.1.
This implies that the bid rents of low-income households is steeper for R(x̄) < Rlim , meaning
that they occupy the locations x < x̄ near x̄. On the contrary, if R(x̄) > Rlim , low-income households
locate in x > x̄.
Proposition 4 (Two configurations). There can only be two city configurations: one with lowincome households in the center and high-income households in the periphery, and another with
high-income households in the center and outer periphery, ans low-income households in the inner
periphery.
9

Proof. Let x̄ 2 W be an intersection point between the bid rents for high- and low-income households. Both bid rents are decreasing in x, therefore so is R(x) = max(Y p (x), Yr (x)). We can thus
distinguish two cases:
• If R(x = 0) < Rlim , we know that for all x, R(x) < Rlim , thus the bid rent for low-income
households is steeper everywhere than bid rent for high-income households, and there can
be only one intersection.
• If R(x = 0) > Rlim , we can define the location xlim so that R(xlim ) = Rlim . As the bid rents
can be ordered by the relative steepness on the intervals [0, xlim ] and [xlim , xmax,r ], there can
only be one intersection on each of these intervals. Thus, there are at most two intersection
points on W. We also know that there must be at least one intersection between the bid
rents. As high-income households occupy the outer suburbs, we infer that there is at least
one intersection with low-income households on the outer location, thus on [xlim , xmax ]. 9

Figure 3 illustrates the two possible configurations.

3.3. Market equilibrium with two income Classes
In the closed-city case, we define the equilibrium as a pair (u p , ur ) of utility levels so that populations equal the given populations (N p , Nr ). Proposition 5 states that the equilibrium is unique
if it exists. Given income levels (Yp ,Yr ), transport costs T (x), and land supply µ(x), for any pair
(N p , Nr ) only corresponds at most to one pair of utility levels (u p , ur ) and one city configuration
(poor-rich or rich-poor-rich).
As indicated in section 3, the minimum consumption of land implies that there are upper limits
to the population in the city. With two income groups, the maximum population of each income
group depends on the income and population of the other group. We do not derive sufficient criteria
for the existence of an equilibrium. However, we show in proposition 5 that if an equilibrium does
exist given the model parameters, then it is unique.
Proposition 5 (Uniqueness of the equilibrium). If the equilibrium exists in the closed-city case
with two income groups, then it is unique.
Proof. The proof is presented in Appendix B.2. We prove the proposition by contradiction. Considering a given population N p for low-income households and Nr for high-income households,
we consider what would happen if two utility pairs u = (u1 , u2 ) and u0 = (u01 , u02 ) resulted in the
same population pair. We show that the city configurations for u and u0 cannot be case a and a,
case b and b, and finally, case a and b of Figure 3.
9 On

the contrary, there can be one or zero intersections between the bid rents on [0, xlim ]. Thus, if R(x = 0) > Rlim ,
we can be in configuration a or b.
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(a) Low-income in the center, high-income in the suburbs

(b) High-income in the center, low-income in the inner suburbs, high-income in the outer suburbs

Figure 3: Bid rent for high- and low-income households and the two possible configurations. Case
(a) represents a poor-rich city, whereas in case (b) high-income households live in the center,
low-income households in the inner periphery, and high-income households in outer periphery
(rich-poor-rich city).
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When housing prices are low in the model, i.e., when plot sizes for low-income households
are large compared to q0 everywhere, the city structure is similar to Figure 3a, i.e., low-income
households live in the center. The other configuration shown in Figure 3b emerges when land
prices in the center increase, i.e., when plot size for low-income households becomes close to
q0 . Thus, in the model, any policy that tends to increase land prices will favor the presence of
high-income households in the center. In particular, more populous and/or more constrained cities
are more likely to have their centers occupied by high-income households. We investigate this
mechanism further in the following section.

4. Comparative static analysis
In this section, we study the predictions of the model regarding the effect of an increasing population, decreasing land supply, and increasing transport costs on the relative location of households
depending on their income. We present here analytical results as well as the outcomes of numerical simulations. Details on the value of the parameters used in the simulations can be found in
Appendix D.

4.1. City population change
In the closed-city case of the monocentric model, a higher population results in higher overall rents
(Fujita, 1989, p.77 and p.124), as the demand for residential land is higher. Such results also hold
in our model, and we show that it also tends to favor the presence of high-income households in
the center. In particular, we can show that:
Proposition 6 (Necessary condition for the rich-poor-rich configuration). Let us consider a city in
which income levels (Yp ,Yr ), transport costs Ti (x) = (t1 + t2Yi ).x, and land supply µ(x) are given.
In the closed-city case, there exists a minimum population N under which only the poor-rich
configuration is possible.
Proof. See Appendix B.3. Idea behind the proof: due to pop. 4 the rich-poor-rich configuration
occurs if rents in the city are high enough, which only occurs if the population is high enough.
and
Proposition 7 (Sufficient condition for the rich-poor-rich configuration). If t1 . 1 aa > t2 .Yp , we
can construct a pair of population (N p+ > 0, Nr+ > 0), for which an equilibrium exists, and such
that for every each other pair (N p0 , Nr0 ), if N p0 N p+ and Nr0 Nr+ , with one of the two inequalities
being strict, then the city is always in the "rich-poor-rich" configuration if the equilibrium exists.
Proof. See Appendix B.3.
As an illustration, Figure 4 shows the results of a numerical simulation. For low populations,
the city is in a poor-rich configuration, and a population increase does not change the structure.
However, there is a tipping point between 1 and 2 million households, above which the city’s
12

Figure 4: Simulated density of low-income (dotted line) and high-income (continuous line) households as a function of distance to the center in cities with identical characteristics except for different total population levels. Parameters used for the simulation are presented in Appendix D.
structure becomes rich-poor-rich. Above this threshold, low-income households tend to live in
locations that are further from the center as the population increases. Because they occupy smaller
plots of land, low-income households live in more densely populated areas.

4.2. Change in land or housing availability
Land (or housing) availability plays an inverse role to total population: increasing its availability
µ(x) tends to decrease rents. We show that there is a minimum level of µ(x) below which the
city will be in the rich-poor-rich configuration. The two following propositions are similar to the
propositions on the effect of city population.
Proposition 8 (Necessary condition for the rich-poor-rich configuration). Let us consider a city
with income levels (Yp ,Yr ), transport costs Ti (x) = (t1 + t2Yi ).x, and a population pair (N p , Nr ). In
the closed-city case, there exists a land availability function µ+ (x) above which only the poor-rich
configuration is possible.
Proposition 9 (Sufficient condition for the rich-poor-rich configuration). If t1 . 1 aa > t2 .Yp , there
exists a land availability function µ (x) for which the equilibrium exists, such that, for any other
function µ0 (x) < µ (x), if the equilibrium exists, the city is in the rich-poor-rich configuration.
Proof. The proofs of these propositions can be derived directly from the propositions on the effect
of population. If we multiply the land availability function by a constant g, the population is
multiplied by g, but everything else remains the same. Therefore, in a given city, the effect on rents,
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utilities, and so on is the same if we multiply by g the land availability function µ(x) while keeping
Nr and N p constant, or if we keep µ(x) constant but divide Nr and N p by g. From proposition 7,
it is straightforward to show that from a land availability function µ(x), we can find constants g+
and g such that the functions µ+ (x) = g+ µ(x) and µ (x) = g µ(x) meet the conditions of prop. 8
and 9.

4.3. Change in income distribution
We can model variations in income distribution in two ways: (i) a change in the income ratio
Yp /Yr , and (ii) a change in the population ratio Nr /N p . Let us first consider that the income of
low-income households remains constant at Yp , and that the income of high-income households
reaches a new level Yr0 > Yr .
Proposition 10 (Income ratio change). Let us consider that the population in a city is given by
the pair (N p , Nr ) and incomes by (Yp ,Yr ). If the equilibrium exists, then there is an income Yr+ for
high-income households such that Yr+ > Yp , an equilibrium exists, and the city is in the rich-poorrich configuration. Moreover, for Yr0 > Yr+ , if an equilibrium exists, the city is in the rich-poor-rich
configuration.
Proof. See Appendix B.4. Idea behind the proof: let us consider that the income of low-income
households remains constant at Yp , and that the income of high-income households reaches a new
level Yr0 > Yr . Then, the average income increases, as do land prices. As the income of low-income
households remains constant, the new city is less affordable for them, and if the city is initially
expensive, they will increasingly live in suburban locations.
The same mechanism occurs if we increase the share of high-income households while total
population remains constant.
Proposition 11 (Change in the share of high-income households). Let us consider that the population in a city is given by the pair (N p , Nr ) and incomes by (Yp ,Yr ). If the equilibrium exists, then
there is a population of high-income households Nr+ such that an equilibrium exists and the city is
in the rich-poor-rich configuration. Moreover, for Nr0 > Nr+ , if the equilibrium exists, the city is in
the rich-poor-rich configuration.
Proof. See Appendix B.4. The proof is similar to the proof of prop. 10.
Figure C.12 of Appendix C shows the density of households as a function of distance for cities
with different income ratios of high-income to low-income households. As the ratio increases,
land becomes relatively more expensive for low-income households, and the city shifts to a richpoor-rich configuration.

4.4. Change in transport costs and speed
We discuss here the impact of transport costs (parameter t1 ) and speed (inverse of parameter t2 )
on city structure. The effect of transport speed on city structure is straightforward: when transport
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speed increases (i.e., t2 decreases), low-income households tend to live in the city center and
high-income households in suburban locations.
Proposition 12 (Change in transport speed). There is a minimal value for t2 under which, if the
equilibrium exists, the city is always in the poor-rich configuration.
Proof. As speed increases, the coefficient t2 decreases. Thus, the city is more sprawled, and the
rents decrease. Moreover, the rent Rlim increases, while the bid rent of high-income households is
steeper above the rent R (see condition from equation 6). Thus, as t2 decreases (speed of transport
increases), low-income households tend to live in the city center and high-income households tend
to live in suburban locations.
The effect of a change in transport monetary cost is more complex. As transport costs increase,
bid rents become steeper, the city is more compact, and rents increase in the center (all other
parameters being equal). Rent increases tend to push low-income households to suburban locations
(as it decreases the income elasticity of demand for land). However, increasing transport monetary
costs also attracts low-income households to the center because it decreases the income elasticity
of transport costs. As this decreases both the income elasticity of transport costs and demand
for land, the effect of an increase in transport monetary costs is ambiguous and depends on the
characteristics of the city.

5. Other implications and discussion
5.1. Threshold behavior
We showed that an increasing population, decreasing land supply, increasing inequalities, and
increasing share of high-income households augment the possibility of the city having a richpoor-rich configuration. The effect is not linear, as the model displays threshold behavior. If the
city is initially inexpensive, these forces may have no effect on the city’s structure. But if the
tipping point is reached, they can also lead to a change of structure, thus resulting in a switch from
a poor-rich to a rich-poor-rich configuration. The tipping point cannot be derived analytically but
can be estimated using a numerical solver.
Once the city is in the rich-poor-rich configuration, an increase in population, decrease in land
availability, increase in inequalities, and increase in the share of high-income households push
low-income households further away from the center.

5.2. Welfare implications of land use policies
The effect of land availability has direct policy implications. Land availability is determined by
natural constraints, such as water bodies and steep slopes, as well as zoning regulations. Policymakers may have a particular interest in controlling urban sprawl by using greenbelt policies,
for instance. Such policies are generally the subject of intense debate. One key argument against
greenbelt policies is that they exacerbate competition for land and contribute to higher housing
15

Figure 5: Simulated variations of utility for low-income (dotted line) and high-income (continuous
line) households as a function of land availability in a city for two levels of basic need in land
consumption q0 . Land availability is assumed to be constant with location. Utilities are normalized
to 1 for µ = 1.106 . Other parameters used for the simulation are presented in Appendix D.
prices. Empirical evidence supports this theoretical prediction, most notably in the case of South
Korea (Hannah et al., 1993; Bengston and Youn, 2006), the US (Mathur, 2014), and England
(Dawkins and Nelson, 2002).
Our model provides insights into the potential distributional effects of land use regulations10 .
Restrictive zoning policies may alter the social structure of the city by fostering central-city gentrification and pushing low-income households toward suburban locations. This is true in cities
with high demand (i.e., expensive land prices even without restrictive zoning).
Moreover, as low-income households consume less land, their utility is more sensitive to land
availability. Figure 5 shows the relative variations in utility as land availability (assumed to be
spatially constant) varies compared to a reference level. We present two graphs for two values of
basic need in land consumption q0 . Variations in utility induced by changes in land availability are
stronger for low-income households than for high-income households, as their land consumption
Q is closer to q0 . The difference in sensitivity is less important if q0 is smaller. For q0 = 0
(corresponding to a Cobb-Douglas case), the graphs for low- and high-income households would
be exactly similar. When land is considered a basic need, more constrained land use entails a
higher utility loss for low-income households.

6. Conclusion
The standard urban economics model is a relevant framework to study the interactions between
transport costs, housing demand, and land supply. It provides two main insights. First, it represents
10 See Cheshire and Sheppard (2002) for a more general discussion of the distributional effects of land use planning,

including the distribution of its benefits.
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relative differences in prices across neighborhoods. Second, it describes how absolute price levels
are determined by the equilibrium between metropolitan-scale supply and demand.
Building on this framework, we study how the equilibrium in the land market can alter the
relative location of households based on their income. We introduce simple, yet realistic household
preferences for land consumption in a monocentric urban model. Under this specification, absolute
rent levels alter the income elasticity of demand for land, thus impacting the relative location of
low- and high-income households. We show that an increasing population, low land availability,
increasing inequalities, and increasing share of high-income households may cause the city to
switch from the "standard" poor-rich configuration to the "gentrified" rich-poor-rich configuration,
if the land prices are initially high. These predictions appear consistent with diverging patterns
observed between small and large US cities presented in the introduction.
Our paper contrasts with mechanisms that link location by income to local neighborhoods
characteristics. It carries different policy implications, notably that land restrictions may cause
gentrification by increasing land prices, in cities with high demand.
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Appendix A. Supplementary graphs on the structure of U.S. Cities
For all the following graphs, we use Origin-Destination Employment Statistics of the 2014 Longitudinal Employer-Household Dynamics (LEDH) data define the city central location ("CBD").
For every tract, we consider the averaged employment density for the tracts and its adjacent ones.
The CBD is the centroid of the tract with the highest corresponding average job density in the
Urban Area. The distance to this center is expressed as cumulative total population of the Urban
Area from 2016 American Community Survey.
We use the same index for socioeconomic status (SES) as Hwang and Lin (2016). The SES
Index of a Census Tract is the percentile rank, within an Urban Area, of the average between (i)
its rank in share of college graduates among population aged between 25 and 64 years and (ii) its
rank in median households income. This index ranks between 0 (low socioeconomics status) and
1 (high SES). We use the data from the American Community Survey 2010 and 2016.
Figures A.6 and A.7 show the share of college-educated and the median income as a function
of the distance from the center. Both variables were used to compute the SES indexes in Figure 1.
The same patterns are seen for each of these variables.
Figure A.8 is similar to figure 1, but presents the evolution between 2010 and 2016. In large
cities, the socioeconomic status in central area grew relatively more than in suburban locations.
Central-city tracts of cities with population above 5 millions inhabitants changed quickly, as they
gained on average 0.5 points in SES Index within 6 years. Such a pattern becomes less pronounced
for smaller cities, and is even reversed for cities between 100,000 and 500,000 inhabitants.
Figures A.9 and A.10 present similar graphs for the share of college-educated and the median
income, respectively.
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Appendix A.1. Share of college-educated in 2016
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Figure A.6: Share of college graduates among population aged between 25 and 64 years as a
function of distance to the center for US cities with different total populations. Source: American
Community Survey 2016.
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Appendix A.2. Share of Census Tracts with a median income above the corresponding Urban Area median income in 2016
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Figure A.7: Share of Census Tracts with a median income above the corresponding Urban Area
median income as a function of distance to the center for US cities with different total populations.
Source: American Community Survey 2016.
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Appendix A.3. Evolution of SES index between 2010 and 2016
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Figure A.8: Evolution of the average Socioeconomic Status (SES) Index of Census Tracts between
2010 and 2016 as a function of distance to the center, for US cities with different total populations.
Source: American Community Survey 2010 and 2016.
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Appendix A.4. Evolution of the share of college-educated between 2010 and
2016
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Figure A.9: Differences between 2010 and 2016 in the share of college graduates among population aged between 25 and 64 years in US cities as a function of distance to the center, for US cities
with different total populations. The horizontal dotted line represents the change in the share of
college graduates at the national level. Source: American Community Survey 2010 and 2016.
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Appendix A.5. Evolution 2010-2016 of share of Census Tracts with a median
income above the corresponding Urban Area median income
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Figure A.10: Differences between 2010 and 2016 in the share of Census Tracts with a median
income above the corresponding Urban Area median income as a function of distance to the center,
for US cities with different total populations. Source: American Community Survey 2010 and
2016.
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Appendix B. Mathematical proofs
Appendix B.1. Comparison the steepness of bid-rents
Here we present the proof of the lemma leading to expression 6 and used in the proof of proposition
4.
Lemma 13. For an intersection point x̄ 2 W between the bid rents for high- and low-income
households, we compare the slopes of the bid-rents of each group. We have :
Bid-rent for poor is steeper than for rich

,

R(x̄) < Rlim =

t1 a
1
.
t2 (1 a) q0

(B.1)

Proof. Let us note Yxi (ui , x) the partial derivative ∂Yi (ui , x)/∂x. We apply the envelop theorem
(see e.g. Fujita, 1989) to:
Yi Ti (x) Z(ui , q)
Yi (ui , x) = max
q
q
to get:
Yxi =

Ti0 (x)
Q(ui , x)

(B.2)

From equation 3, we have:
Q(ui , x) = a.

Yi

(t1 + t2Yi ).x
+ (1
Y(ui , x)

a).q0

Replacing in B.2, we get:
Yxi (ui , x) =

a (Yi

(t1 + t2Yi ).Yi (ui , x)
(t1 + t2Yi ).x) + (1 a).q0 .Yi (ui , x)

Let us consider a location x̄ where bid rents of high- and low-income households intersect, that
is where Y p (u p , x̄) = Yr (ur , x̄) = R(x̄). The ratio between the slope of their bid rents at x̄ is:
Yxp
(t1 + t2Yp ). [a(Yr
=
x
Yr
(t1 + t2Yr ). [a(Yp

(t1 + t2 .Yr ).x̄) + (1 a).q0 .R(x̄)]
(t1 + t2 .Yp ).x̄) + (1 a).q0 .R(x̄)]

(B.3)

Both the numerator and denominator of (B.3) are positive, thus:
Yxp
>1,
Yxr
,

Yp
(1 a).q0 .R(x̄)
>
a.(t1 + t2Yr )
t1 + t2Yp
t1 .a
R(x̄) <
t2 .(1 a).q0
Yr
t1 + t2Yr

x̄ +
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x̄ +

(1 a).q0 .R(x̄)
a.(t1 + t2Yp )

(B.4)
(B.5)

Appendix B.2. Proof of the uniqueness of equilibrium with two income groups
Appendix B.2.1. A few lemmas
To prove proposition 5, let us first demonstrate a few lemmas.
Lemma 14. Let us consider a city where transport costs T (x) and land supply µ(x) are given. Let
us suppose that there is one income group. At any location x, the bid rent is strictly decreasing
with the utility u, and strictly increasing with the population N. Especially, there is a bijection
between utility level u and rent at the center R0 = Y(x = 0).
Proof. Combining equations 2 and 3 gives a relationship between the utility level u and the bidrent Y:
✓
◆a
T (x)
1 a Y
1 a a
u = (1 a) a (Y T (x) q0 .Y)
+ (1 a).q0
Y
u is strictly increasing when Y is strictly decreasing. Using prop. 1, we get that population N is
also strictly increasing when Y is strictly decreasing, and reciprocally.

Lemma 15. Let us consider a city with 2 income groups, in which transport costs Tp (x) and Tr (x),
land supply µ(x) > 0 and income Yp and Yr are given. If the utility of one income group is given
(u p for instance), then the population of the other group (Nr ) is strictly decreasing with its utility
(ur ). The population of the other group N p strictly decreases at the same time.
Proof. Due to lemma 14, Yr (x) increases as ur decreases. If u p is fixed, then decreasing ur has
two effects: first, it strictly decreases Qr (ur , x) and therefore strictly increases the density of highincome households in locations where Yr (x) > Y p (x).
Second, it strictly increases the set of locations in which Yr (x) > Y p (x) (i.e. locations occupied
by high-income households), which also strictly increases Nr , and strictly decreases N p .
Lemma 16. Let us consider a city with 2 income groups, in which transport costs Tp (x) and Tr (x),
land supply µ(x) > 0 and income Yp and Yr are given. If the population of one income group is
given (N p for instance), then the population of the other group (Nr ) is strictly decreasing with its
utility (ur ).
Proof. Proof by contradiction. Let us consider two situations : (N p , Nr ), to which correspond the
utility pair (u p , ur ) and (N p0 , Nr0 ) with utility pair (u0p , u0r ). Let us suppose that N p0 = N p , that u0r < ur
and that Nr0 < Nr .
According to lemma 15, if u0p = u p , then N p0 < N p , and similarly, if u0p < u p , we see that
0
N p < N p , using the same proof as for this lemma. Therefore, u0p > u p .
Lemma 17. For f a differentiable function of two variables x and y on a set Q, then for all
(x, y) 2 Q:
✓
◆
✓
◆
∂
1 ∂f
∂
1 ∂f
(x, y) =
(x, y)
∂x f (x, y) ∂y
∂y f (x, y) ∂x
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Proof. It can easily be verified by simple differentiation.
⇥
⇤
Lemma 18. For any x in 0, x f :
✓
◆
d 1 d Q̂
>0
dx Q̂ dY

Proof. First, note that, if f a differentiable function of two variables x and y on a set Q, then for
all (x, y) 2 Q:
✓
◆
✓
◆
∂
1 ∂f
∂
1 ∂f
(x, y) =
(x, y)
∂x f (x, y) ∂y
∂y f (x, y) ∂x
This means that:

d
dx

✓

1 d Q̂
Q̂ dY
Deriving equation 3, we eventually get:
1 d Q̂
=
Q̂ dx
Differentiating with respect to Y yields:
✓
◆
1 d Q̂
d
=
dY Q̂ dx

◆

d
=
dY

✓

1 d Q̂
Q̂ dx

◆

✓
◆
a dR Y T
R dx
Q̂R
(1

a)aq0 dR
(1
(Q̂R)2 dx

By definition of xmax , we know that for x 2 [0; xmax ], 1
proposition 18.

(B.6)

t2 x)

(B.7)

t2 x > 0 As dR/dx < 0. This shows

Finally, let us demonstrate the following lemma :
Lemma 19. Let f and g be two integrable functions on a subset Q of R, and Q1 and Q2 two
subsets of Q. Then:
´
´
Q1 f (x)g(x)dx
Q f (y)g(y)dy
8(x, y) 2 Q1 ⇥ Q2 , f (x) > f (y) ) ´
> ´2
Q1 g(x)dx
Q2 g(y)dy
Proof. Let us write:

minx2Q1 ( f (x)) + maxx2Q2 ( f (x))
2
8x 2 Q1 , f (x) > l, and 8x 2 Q2 , f (x) < l. By positivity of the integral, we then have:
ˆ
ˆ
f (x)g(x)dx > l
g(x)dx
l=

Q1

ˆ

Q2

Q1

f (x)g(x)dx < l

These two inequalities show proposition 19.
28

ˆ

Q2

g(x)dx

Appendix B.2.2. Demonstration
Proof of proposition 5. We prove proposition 5 by contradiction. Population is set at N p for lowincome households and Nr for high-income households, and we consider two pairs u1 = (u1,p , u1,r )
and u2 = (u2,p , u2,r ) of utility. We show that if u1 and u2 give population N = (N p , Nr ), then
u1 = u2 .
There are several possible cases for u1 = (u1,p , u1,r ) and u2 = (u2,p , u2,r ). An immediate case
is if u1,r > u2,r and u1,p < u2,p . In this case, there is a direct contradiction due to lemma 15:
the population of high-income households necessarily increase (high-income households occupy
a larger zone in the city and have smaller dwellings, thus their population necessarily increase).
The same reasoning is possible if u1,r < u2,r and u1,p > u2,p .
We now examine if u1,r < u2,r and u1,p < u2,p . We must here separate the cases when utilities
u1 and u2 results in the same city configuration and the case when utilities u1 and u2 result in the
poor-rich or rich-poor-rich configuration from Figure 3 of section 3.2.
Case 1.

Case (poor-rich) and (poor-rich)
We assume that u1 and u2 result in the poor-rich configuration. Let us also assume that
u1 u2 for both high- and low-income households. Due to Eq. 5, for both high- and
low-income households, Q(x, u1 ) Q(x, u2 ), with equality if and only if utilities are
equal.
Let us write Wr,i (resp. W p,i ) the subset of W = [0; xmax,r ] that is occupied by high(resp. low-)income
households under utility ui (i = 1, 2), and the associated land supply:
´
Qr,1 = Wr,i µ(x)dx (similarly Q p,i for the low-income households).
There can only be three cases:

(i) Qr,1 > Qr,2 , Q p,1 < Q p,2 , meaning that low-income households occupy more space
under utility u2 than under utility u1 . However, as Q p (x, u1,p ) Q p (x, u2,p ), locations occupied by low-income households are more densely populated under
utility u2 . As low-income households occupy more space (strictly), more densely,
their population is strictly superior under utility u2 .
(ii) The converse case where Qr,2 > Qr,1 is also impossible as population of highincome households is necessarily higher under utility u2 .
(iii) Qr,1 = Qr,2 and Q p,1 > Q p,2 . In this case, since we have: µ(x)/Q(x, u1 )  µ(x)/Q(x, u1 )
for all x and for both high- and low-income households. The positivity of the integral entails that population can be equal if and only if u1 = u2
By contradiction, we show that the only possibility for the populations to be equal is
that the rents at the center be equal, thus that u1 = u2 from lemma 14.
Case 2.

Case (rich-poor-rich) and (rich-poor-rich)
Demonstration in this case is exactly similar to the previous case.
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Figure B.11: Bid-rents for high- and low-income households in the configurations 1 (poor-rich)
and 2 (rich-poor-rich).
Case 3.

Case (poor-rich) and (rich-poor-rich)
Let us consider that u1 results in poor-rich configuration, and u2 results in rich-poorrich configuration.
Figure B.11 illustrates the bid-rents Y1 = (Y1,poor , Y1,rich ) and Y2 = (Y2,poor , Y2,rich )
for utilities u1 and u2 . Let us compare the populations between the two configurations
for the four zones A = [0, x̄1 ], B = [x̄1 , x̄2 ], C = [x̄2 , x̄3 ] and D = [x̄3 , x̂].
Both utility vectors u1 and u2 result in the same populations (N p , Nr ). For low-income
households, this writes:
N1A + N1B = N2B + N2C
where N kj is the population in zone k = A, B,C, D under utility u j . Since bid rents are
higher for configuration 2 than for configuration 1, and given that the land supply is
fixed, we have N1B < N2B . Therefore, equating the population of low-income household
implies:
N1A > N2C
For high-income households, it must hold similarly that N1C + N1D = N2A + N2D . Since
N1D < N2D , we must have: N1C > N2A
´
The total land supply on the interval A is: QA = A µ(x).dx. We define similarly QB , QC
and QD .
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We define the average dwelling size on the interval A as:
´
µ(x)(x).dx
A
hq j,i i = ´A µ(x)(x)
A Q̂ (x,u ) .dx
i

j

where Q̂i (x, u j ) is the bid lot-size of households i = r, p when the rent equals the maximum of the bid-rents R(x) in configuration j = 1, 2, that is:
Q̂i (x, u j ) = a

Yi Ti (x)
+ (1
R(x; u j )

a).q0

The difference between N1C and N2A for rich households must be positive, that is:
0 < N1C

N2A

µ(x)
=
.dx
C Qr (x, u1 )
QC
QA
= C
hq1,r i hqA2,r i

µ(x)
.dx
A Qr (x, u2 )

ˆ

ˆ

Leading to:
0>

hqC1,r i
QC

hqA2,r i
QA

=
=

"

hqC1,r i

hqC2,r i

QC

hqC1,r i

QC

hqC2,r i

QC

#

+

+

"

hqC2,r i
QC

hqC2,r i

hqA2,r i
QC

hqA2,r i

#

+

+ hqA2,r i

QC

"



hqA2,r i

hqA2,r i

QC

1
QC

QA

1
QA

#

(B.8)

Since the bid max lot-size is decreasing in x and increasing in u, we have: hqC1,r i > hqA1,r i
and hqC1,r i > hqC2,r i. Since N1C N2A < 0, it must hold that QA < QC .
Similarly, for low-income households:
"
# "
hqA1,p i hqC2,p i
hqA1,p i hqA2,p i
hqA2,p i
0>
=
+
QA
QA
QA
QA
QA

hqA1,p i hqA2,p i
1
=
+ hqA2,p i
QA
QA

hqA2,p i
QC

#

+

"

hqA2,p i
QC

hqC2,p i
QC

hqA2,p i hqC2,p i
1
+
QC
QC

#

(B.9)

Dividing equations B.8 by hqA2,r i, dividing equation B.9 by hqA2,p i and summing, we get:
hqC1,r i

hqC2,r i

hqA2,r iQC

+

hqC2,r i

hqA2,r i

hqA2,r iQC
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+

hqA1,p i

hqA2,p i

hqA2,p iQA

+

hqA2,p i

hqC2,p i

hqA2,p iQC

<0

Since u1,r < u2,r and u1,p < u2,p , we have hqC1,r i > hqC2,r i and hqA1,p i > hqA2,p i. This
implies:
hqC2,r i

hqA2,r i

hqA2,r iQC

hqA2,p i

+

hqC2,p i

<0

hqC2,r i

<

hqA2,p iQC
()

()

hqA2,r i

µ(x)
A Q̂r (x,u1 ) dx
´ µ(x)
C Q̂r (x,u1 ) dx

´

hqC2,p i

hqA2,p i
´ µ(x)

A Q̂ p (x,u1 ) dx
µ(x)
C Q̂ p (x,u1 ) dx

(B.10)

<´

We use the lemmas from the last section to show that equation B.10 cannot hold. First,
let us derive with respect to income:

d
dY

0´

1

µ(x)
A Q̂(x) dx
@´
A=
µ(x)
C Q̂(x) dx

´

´ µ(x)
d Q̂ µ(x)
dx
2
C Q̂(x) dx
dY Q̂(x)

A

d Q̂ µ(x)
C dY Q̂(x)2 dx
´ µ(x)
C Q̂(x) dx

´

=

´

⇣´

´
µ(x)
dx
A Q̂(x)
C
⇣´
⌘2
µ(x)
C Q̂(x) dx

d Q̂ µ(x)
A dY Q̂(x)2 dx
´ µ(x)
A Q̂(x) dx

µ(x)
C Q̂(x) dx

⌘2

´

µ(x)
dx
A Q̂(x)

ˆ

d Q̂ µ(x)
dY Q̂(x)2 dx

µ(x)
dx
C Q̂(x)

ˆ

(B.11)

Using lemma 18, we obtain:
8(x1 , x2 ) 2 A ⇥C,

1 d Q̂
1 d Q̂
(x1 ) <
(x2 )
Q̂(x1 ) dY
Q̂(x2 ) dY

Lemma 19 implies that:
d Q̂ µ(x)
C dY Q̂(x)2 dx

´

µ(x)
C Q̂(x) dx

´

>

´

d Q̂ µ(x)
A dY Q̂(x)2 dx

´

µ(x)
A Q̂(x) dx

Combining B.12 and B.11, we get:
d
dY

0´

1

µ(x)
A Q̂(x) dx
@´
A>0
µ(x)
C Q̂(x) dx
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(B.12)

In particular, this implies that:
µ(x)
A Q̂r (x,u1 ) dx
´ µ(x)
C Q̂r (x,u1 ) dx

´

>

µ(x)
A Q̂ p (x,u1 ) dx
´ µ(x)
C Q̂ p (x,u1 ) dx

´

which is in direct contradiction with equation B.10.

Appendix B.3. Consequences of a population increase
We prove here the propositions of sec. 4.1. We first present a few useful lemmas. Let us consider a
city with two income classes, in which income levels (Yp ,Yr ), transport costs T (x) and land supply
µ(x) > 0 are given.
Lemma 20 ("High-income households are better off if there are also low-income households in
the city"). If there are both high- and low-income households in the city (N p > 0 and Nr > 0),
with a total population N p + Nr = N, then the utility of high-income households is higher than the
utility they would have if all the N inhabitants of the city where rich.
Proof. If N p > 0 and Nr > 0, there are places in the city in which low-income households are
located, i.e. where Y p > Yr . In these places, population density is given by:
µ(x)
Q p (x, u p )

n p (x) =
We have:
Q p (x, u p ) = a
For all x 2 W, Yp
Q p (x, u p ) < a

Yr

t1 .x

Yp

t1 .x t2 .Yp .x
+ (1
Y p (x)

a).q0

t2 .Yp .x > 0, therefore:

t1 .x t2 .Yr .x
+ (1
Y p (x)

a).q0 < a

Yr

t1 .x t2 .Yr .x
+ (1
Yr (x)

a).q0 = Qr (x, ur )

where we have successively replaced Yp by Yr > Yp and Y p (x) by Yr (x) < Y p (x). We therefore
have n p (x) = µ(x)/Q p (x, u p ) > µ(x)/Qr (x, ur ) where µ(x)/Qr (x, ur ) is the population density that
high-income households would have if they where living in x.
ur is the utility of the high-income households when there are low-income households in the
city. If they had this utility but there were only high-income households, the population density
would be µ(x)/Qr (x, ur ) for all x 2 W, so the total population of the city would be smaller. Conversely, if they where the only inhabitants of the city and we fix Nr = N, their utility would be
smaller.
Lemma 21. To any population pair (N p0 , Nr0 ) with N p0 N p and Nr0
being strict, correspond a utility pair (u0p < u p , u0r < ur ).
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Nr , one of the two inequalities

Proof. To the population pair (N p0 > N p , Nr ) correspond utilities (u1p < u p , u1r < ur ) based on lemma
16. To the population pair (N p0 > N p , Nr Nr ) thus correspond utilities (u2p  u1p < u p , u2r  u1r <
ur ). A similar computation car be done for the pair (N p0 N p , Nr > Nr ).
We can now prove prop. 6 and prop. 7.
Proof of prop. 6 (Necessary condition for a gentrified city). According to prop. 4, if everywhere
in the city rents are lower than Rlim = t1 a/t2 (1 a)q0 , then the city has the poor-rich configuration.
Using lemma 14, we denote N the population of high-income households below which the
bid rent Yr would be below Rlim everywhere in the city, if there were only high-income households
in the city. Lemma 20 means that, if the city total population is given, Yr is lower when there are
both high- and low-income households than when there are only high-income households. So, if
the total population of the city is lower than N , Yr is lower than Rlim everywhere.
This means that, when Yr and Y p intersect, they are lower than Rlim , and so the city is necessarily in the configuration poor-rich.
Proof of prop. 7 (Sufficient condition for a gentrified city). High-income households live in the center of the city if the bid rent of low-income households in the center of the city (x = 0, i.e. where
T = 0) is lower than the bid rent of high-income households in this location. Due to eq. 4 the
Y
bid-rent Y p of low-income households in the center of the city (where T = 0) is bounded by q0p ,
Y

and the bid rent Yr of high-income households by qY0r > q0p .
According to lemma 14, there exists a minimum utility level u+
r for high-income households
such that Yr (x = 0) > Yp /q0 . Therefore, if ur > u+
,
high-income
households live in the center
r
of the city, and the city is always in the rich-poor-rich configuration if the number of low-income
households is greater than 0.
To sum up, we have showed that there exists a minimum utility level u+
r for high-income
households, such that for all utility levels u p for low-income households and all utility levels
ur > u+
r for high-income households, the city is always in the rich-poor-rich configuration if the
number of low-income households is greater than 0.
We consider utilities (u p , ur > u+
r ) with corresponding populations (N p , Nr ). According to
lemma 14, to any population pair (N p0 , Nr0 ) with N p0 N p and Nr0 Nr , one of the two inequalities
being strict, correspond a utility pair (u0p > ur , u0r > ur ). Since u0r > ur > u+
r , the city is still in the
rich-poor-rich configuration.
This proves the first part of the proposition. We now prove the second part, that is: if t1 .a/(1
a) > t2 .Yp , the equilibrium exists for at least one of these pairs.
To prove this, note that in the limit case (u p = 0, ur = u+
r ), the bid rents in the center are equal
by construction:
Yp
Y p (x = 0, u p = 0) = Yr (x = 0, ur = u+
r )=
q0
According to lemma 3, since t1 . 1 aa > t2 .Yp , the bid rent is steeper for high-income households,
so the bid rent of high-income households is below the bid rent of low-income households in the
vicinity of x = 0. In this configuration, low-income households live in the vicinity of x = 0, and
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therefore N p > 0 (as shown in sec. 3.2, high-income households always live at the outskirts of the
city, so we always have Nr > 0).
Also note that according to the computation made in sec. Appendix B.1, the slope of bid-rents
is:
∂Yi (ui , x)
(t1 + t2Yi )
=
Y
(t
+t
i
1
2Yi ).x
∂x
a
+ (1 a).q0
Yi (ui ,x)

where i = r, p. The slope is therefore increasing (in absolute terms), with the value of the bid rent:
for a given x and a given Yi , the lower the bid rent, the less steep it is, or, equivalently, for a given
x and a given Yi , the higher the utility ui , the less steep the bid rent. This means that any bid-rent
Y p (x, u p > 0) will be less steep that the bid rent Y p (x, u p = 0).
As a consequence, any bid rent Y p (x, u p > 0) will have the following properties:
• Y p (x = 0, u p > 0) < Yr (x = 0, ur = u+
r )
•

∂Y p
∂x (x

= 0, u p > 0) >

∂Yr
∂x (x

= 0, ur = u+
r )

It is straightforward to show that there exist e > 0 such that in x = 0 the bid rent Y p (x, u p = e)
is lower than the bid rent Yr (x, ur = u+
r ) of high-income households, but becomes higher in a
vicinity. This ensures that, with the utility pair (u p = e, ur = u+
r ), we have at the same time
N p > 0, Nr > 0 and the high-income households in the center of the city.

Appendix B.4. Consequences of a change in income distribution
In this section, we prove the two following propositions, that support the claims of section 4.3. Let
us consider a monocentric city with two income groups, transport costs Ti (x) = (t1 + t2Yi )x, and
land supply µ(x) > 0.
Proof of prop. 10 (Income ratio change) and prop. 11 (change in the share of high-income households).
Proofs of these two propositions follow the same exact logic as the proof in section Appendix B.3.
We first show that "low-income households are worse off if there are also high-income households
in the city", and that "low-income households are worse off if high-income are richer" (equivalent
to lemma 20). This derives directly from the normality of land. Then we show that we can derive
Y
an equilibrium such that Yr (x = 0) > q0p , by adjusting either the share of high-income households
or the income of high-income households. This equilibrium is such that any increase in Nr or any
increase in Yr will result in the rich-poor-rich configuration. We do not derive the formal proof
here.
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Appendix C. Supplementary simulations
Appendix C.1. Effect of income ratio Yr /Yp

Figure C.12: Simulated density of low-income (dotted line) and high-income (continuous line)
households as a function of distance to the center in cities with identical characteristics except for
different levels of income inequality. Income for high-income households vary while income of
low-income households remains constant. Other parameters used for the simulation are presented
in Appendix D.

Figure C.13: Simulated variations of utility for low-income (dotted line) and high-income (continuous line) households as a function of the income ratio Yr /Yp . Utilities are normalized to 1 for
Yr /Yp = 4. Other parameters used for the simulation are presented in Appendix D.
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Appendix C.2. Effect of transport costs

Figure C.14: Simulated density of low-income (dotted line) and high-income (continuous line)
households as a function of distance to the center, in cities with identical characteristics except for
different monetary cost of transport per unit of distance. Other parameters used for the simulation
are presented in Appendix D.

Figure C.15: Simulated variations of utility for low-income (dotted line) and high-income (continuous line) households as a function of transport monetary costs. Utilities are normalized to 1 for
t1 = 500. Other parameters used for the simulation are presented in Appendix D.
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Appendix D. Parameters for the numerical simulations
Table D.1 gives the value of the parameters used for the simulations presented in section 4, except
if specified otherwise. For simplicity, the exogenous land supply is taken as a constant function
µ(x) = µ in the simulation11 .
Parameter

Notation

Value

Utility function
Utility function - Minimum amount of land
Income rich
Income poor
Transport - Monetary cost
Transport - Cost of time
Ratio of population between rich and poor
Total population
Land availability by unit of distance

a
q0
Yr
Yp
t1
t2
Nr /N p
Nr + N p
µ

0.2
10
150,000
30,000
250
1/80
1/2
1,000,000
2.106

Table D.1: Value for the parameters used in the numerical simulations presented in this article.

11 This

corresponds to a linear city. We could also consider a two-dimensional city for which µ(x) is proportional to
x. Qualitative results would be equivalent.
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